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Abstract. Affine hybrid systems are hybrid systems in which the dis-
crete domains are affine sets and the transition maps between discrete
domains are affine transformations. The simple structure of these sys-
tems results in interesting geometric properties; one of these is the notion
of spatial equivalence. In this paper, a formal framework for describing
affine hybrid systems is introduced. As an application, it is proven that
every compact hybrid system H is spatially equivalent to a hybrid sys-
tem Hiq in which all the transition maps are the identity. An explicit
and computable construction for Hiq is given.

1 Introduction

This paper introduces affine hybrid systems. Affine hybrid systems are hybrid
systems where the discrete domains are affine sets, and the transition maps be-
tween discrete domains are affine transformations. This definition differs from
other definitions of hybrid systems that have been proposed [9], but the under-
lying ideas involved in the definition of affine hybrid systems have been seen in
the literature [6]7]. We give a formal framework to these ideas.

Affine hybrid systems are simple, and it is this simplicity that allows us to say
some useful things about them. The structure of affine hybrid systems contains
a wealth of intrinsic information. Affine sets can be described in terms of matrix
inequalities, and affine transformations are characterized by elements of SE(n).
In this paper, we use the geometric information intrinsic in affine hybrid systems
to develop the idea of spatial equivalence between an affine hybrid system H and
an affine hybrid system G.

In the literature on hybrid systems, it typically is assumed that all of the
transition maps of a hybrid system are the identity; all switched systems are
essentially hybrid systems where the transition maps are the identity [4I0].
This assumption is very restrictive; some of the simplest hybrid systems do not
satisfy this assumption, e.g., the hybrid system T2 constructed in Example[Z1 of
this paper. For this reason, it is desirable to find a way to bridge the gap between
hybrid systems where all the transition maps are the identity and hybrid systems
where this is not the case.

Given an affine hybrid system H, we would like to construct an affine hybrid
system H;q such that all of the transition maps are the identity. We also would
like this affine hybrid system H;q to be as similar to H as possible. In what way
should these two affine hybrid systems be considered similar? Spatial equivalence

R. Alur and G.J. Pappas (Eds.): HSCC 2004, LNCS 2993, pp. 16-[31] 2004.
© Springer-Verlag Berlin Heidelberg 2004


Verwendete Distiller 5.0.x Joboptions
Dieser Report wurde automatisch mit Hilfe der Adobe Acrobat Distiller Erweiterung "Distiller Secrets v1.0.5" der IMPRESSED GmbH erstellt.
Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.

ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 594.962 841.96 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 3600 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Abbrechen
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Joboption Datei
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Error
     /ParseDSCComments true
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo true
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue true
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.3
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends true
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo true
     /GrayACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /LeaveColorUnchanged
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 300
     /EndPage -1
     /AutoPositionEPSFiles true
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 2400
     /AutoFilterGrayImages true
     /AlwaysEmbed [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 300
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 595.276 841.890 ]
     /HWResolution [ 2400 2400 ]
>> setpagedevice


Affine Hybrid Systems 17

is introduced as a way to consider an affine hybrid system H as similar to an
affine hybrid system G. Spatial equivalence can be thought of in an intuitive
manner (see Figure H] for a visual interpretation). Replace each edge of H by
a sequence of edges and domains with vector fields such that if we “start” at
the source of the edge, the target of the edge will be reached in some time. If
the affine hybrid system obtained by appending these edges, domains and vector
fields to H is G, then H is spatially equivalent to G. A formal definition of
spatial equivalence will be given in Section [H, but having this intuitive picture
in mind will be helpful.

An affine hybrid system H is compact if each of its domains is compact. The
main theorem of this paper is:

Main Theorem. FEvery compact affine hybrid system H is spatially equivalent
to an affine hybrid system Hiq in which every transition map is the identity.
Moreover, Hiq is computable.

This paper begins by introducing, in Section 2] the definition of an affine
hybrid system. Sections Bl and ] present some results in affine geometry that are
necessary for the proof of the Main Theorem. In Section [, given two (n — 1)-
dimensional affine sets X and Y = RX + p, for (R,p) € SE(n), we determine
conditions on X, R and p such that there exists an n-dimensional affine set
with X and Y as faces. When these conditions are satisfied, we find a closed
form solution for a set S which has X and Y as faces. This closed form solution
allows us later to compute Hijq. When there does not exist an affine set S with
X and Y as faces, an admissible sequence of faces, X = Zy, Z1,....,Z;, =Y, is
introduced; it is used to construct a sequence of affine sets, S, S2, ..., Sk, where
X is a face of S; and Y is a face of S;. Admissible sequences of faces are used in
Section ] to generalize the results of Section[3 by showing that if Y = RX + p,
for (R,p) € SE(n), there is an admissible sequence of faces

ZO = X, Z17 cony Z%n(n71)+1’ Z%n(n71)+2 =Y.

In Section [ the results in affine geometry that were introduced in Sections Bl
and [ are used to prove the Main Theorem and give an explicit construction for
H;4. This is done by using the admissible sequence of faces found in Section H]
to define the domains of the hybrid system Hiq.

2 Affine Hybrid Systems

This section introduces the notion of an affine hybrid system. An affine hybrid
system consists of the following data: a set of discrete states, domains, edges
and vector fields. The discrete states provide a way to index the domains. The
domains are affine sets, i.e., sets that are affinely constrained. The edges provide
a relationship between two faces of two domains; each edge has a source which
is the face of a domain and a target which is also the face of a domain. It is
required that there exists an affine transformation between the source and the
target of each edge; thus each edge gives rise to a transition map, which is an
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affine transformation from the source of the edge to the target of the edge. The
set of vector fields is a collection of vector fields that are Lipschitz on each
domain.

Before we formally introduce the definition of an affine hybrid system, we
will describe each of the components of its definition. This section is concluded
by solidifying the concepts introduced through an example: the torus T2. This
example also will be important later in the paper.

2.1 (Discrete states). Let @ C Z denote the set of discrete states. This set is
finite, and the number of discrete states is given by |Q|. For simplicity, typically
we let Q ={1,...,m}.

2.2 (Domains). The set of domains is the set D = {D;},cq, where each D; C R"
is an n-dimensional affine set, i.e., a set that is affinely constrained. For each set
D;, there exists a matrix A; € R¥*™ and a vector a; € R* such that

r€eD; s A;x+a; > 0.

We say that D; is determined by the affine constraints A;x + a;.

The boundary of D; can be written as the union of k; affine sets of dimension
n — 1 called the faces of D;. The faces of D; can be indexed by introducing the
indexing set,

FZ:{1,7]€1}, 1 GQ

The j*" face of D; is denoted by Face;(D;), where j € F;. We can pick an
indexing of the faces of D; by letting Face;(D;) be the affine set determined by
the j'* row of A;. More precisely, if (4;);. is the j* row of 4; and (a;); is the

jth entry of a;, then

x € Face;(D;) & <_(ﬁ:)j*) T+ (_(C(L;)J) > 0. (1)

We can define
v\ T )

so x € Face;(D;) if and only if A;ja+a;; > 0. Therefore, Face;(D;) is determined
by the affine constraints A;;x + a;;.

2.3. For aset U with U = H?zl U;, denote the projections on each of the factors
of U by w; : U — Uj.

2.4 (Edges). Define the set of edges as a set

EC{((4,5), (k, 1)) }i.5)eoxq, (ki)eFxF;

satisfying the condition that for each e € E, there exists a map T, () = Rex+Dpe,
with (Re,pe) € SE(n), such that

T.(Facer, (e) (D, (e) ) = Facer, () (D, (e) )- (2)
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In other words, an edge defines a relationship between two faces of two affine
sets and an affine transformation between these faces.
More concretely, an element e € E then has the form

e=((i,7), (k,1)), (i,7) € Q x @, (k,l)EFiXFj7

so mi(e) = i, ma(e) = j, m3(e) = k and my(e) = [. Condition () allows us to
write
T.(Facer(D;)) = R.Facei(D;) + pe = Face;(D;).

2.5. Given an edge e € E, the affine transformation T.(x) = Rz + pe from
Facer, (¢)(Dx, (e)) to Facer,(e)(Dxr,(e)) is called the transition map. The set of
transition maps is the set T = {T.}ecp.

2.6 (Vector field). A set of vector fields is a set V' = {V;}ieq where V; is a
Lipschitz vector field when restricted to the domain D;. The flow of V; on D; is
denoted by ¢;(t,x) for z € D;.

Definition 2.1. An affine hybrid system is a tuple H = (Q, D, E, V).

Note 2.1. From this point on, for the sake of brevity, we will refer to “affine
hybrid systems” as “hybrid systems”.

2.7. If for some e € E, T, (z) = x, then we say that the transition map associated
to the edge e is the identity map. This implies that

Facem(e) (le(e)> = Facem(e)(DM(e)).

A very special class of hybrid systems are hybrid systems in which every transi-
tion map is the identity, and we denote such hybrid systems as Hiq.

Example 2.1 (The torus: T? ). We will construct a hybrid system called the torus,
which we will denote by T? (see Figure ). The torus is given by one discrete

state QT° = {1}. The domain DT° = {(z,y) : # € [0,1], y € [0,1]} is given by
the affine constraints

T2 x T -1 0 x
A (y)—l—al =1 0 1 (y>+

S = = O
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Fig. 1. The torus: TZ.

Applying (), the affine constraints for Facel(D¥2), Faces (D}T2) Faces(Dlz) and
Faces(DT") are given, respectively, by

it () vt = (45) () + (F) ®
()= (%) G) = (%)

) ea-(05) () (4)

AT, (x> +al; = (OATQ ) ( ) + <ag> (4)
E™ consists of two edges: e; = ((1,1),(2,1)) and e = ((1,1), (3,4). In other

words, e is a relation between the top and bottom of the square and e; is a

relation between the right and left side of the square. The associated transition
maps are

rien=(5)+(3): - men=(3) (%)

-1
Finally, Vl1r2 is any vector field, Lipshitz on D}Tz.

The advantage of defining the edges as a relationship between the faces rather
than a relationship between the domains can be seen in this example. Although
the expression for the edges is more complicated, the end result is a simpler
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definition of the hybrid system; in other references, the torus is defined with two
discrete states [9].

3 Affine Sets

Given two (n—1)-dimensional affine sets X and Y = RX +p, for (R, p) € SE(n),
is it possible to find an affine set S with X and Y as faces? Clearly the answer
to this question is no for an arbitrary element of SE(n), but it is yes if X is in
the “proper position” and R and p satisfy certain assumptions. The purpose of
this section is to find a closed form solution for the affine constraints defining a
set S with X and Y as faces, when the assumptions on X, R and p are satisfied.
This result is important because it makes the later propositions and theorem of
this paper computable by way of this closed form solution. We also will use this
formula repeatedly in order to compute examples, beginning with an example
at the end of this section. For more detailed proofs of the results presented in
this section, see [T2].

3.1. First, recall some important facts and terminology regarding affinely con-
strained sets. We define a face of an n-dimensional affine set X, denoted by
Face;(X) for i = 1,...,k (where k is the number of faces), as a subset X such
that there exists a hyperplane H; where H; N 90X = Face;(X). This hyperplane
is called the hyperplane defining Face;(X). If X is determined by the affine con-
straints Az +a, and if we define the Face;(X) as the set determined by the affine

constraints
Apta=( 4 )o@
Tt a; = _A, T —a; )

then the defining hyperplane, H;, is given by H; = {Z?Zl a;jxj+a; = 0}. If the
smallest number of affine constraints that determine X is k, then X has k faces.
Note that in this case it is always possible to define X in terms of more that k
affine constraints, but never less.

Proposition 3.1. Let X be an affine set of dimension n—1 in R™, and assume
that X C {xz; =0}. If Y = X + p, with p; # 0, then there exists an affine set S
such that X and'Y are both faces of S. Moreover, there is a closed form solution
for the affine constraints that determine S.

Proof. If X C {z; = 0} is an (n — 1)-dimensional affine set with k faces, then
the affine constraints defining X can be put in the form

air - a1i—1 0 arigr - Qin ai

X1 :
ar1 - Gki—1 0 ki1 -0 Grn : 1 a
0 --- 0 1 o --- 0 Tn 0
0.~ 0 -1 0 - 0 0
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Since p; # 0, if we define

1 n
Ck = —— Z Djlkj,
pi iZ1

j#i

the affine constraints for the set S are given by

ail v Q1,1 c1 Q1,541 " Qln ai
T
akl ak,i—l Ck ak,i+1 oo akn + ak . (5)
0 - 0 signp) 0 - 0 |\ 0
0 -+ 0 —sign(p:) o --- 0 sign(pi)pi

It can be verified easily that X is the face of S given by intersecting S with the
hyperplane {z; = 0}. Similarly, Y is the face of S given by intersecting S with
the hyperplane {z; — p; = 0}. O

3.2. Throughout this paper, we will use angle to refer to a scaler with values in
[-7, 7). For n > 2, Givens rotations (see [Bl§]) are n x n matrices of the form

column ¢ column j
+ 1
1
cos 6 —sin6 < row 1
1
P (0) =
sin 6 cos 0 < row j

Givens rotations are important because, for every R € SO(n) with n > 2,
there exists n(n —1)/2 angles 6,; € [~7,7) such that R = [/, [[j=ii1 Pij(0i)
(cf. [3]). Moreover, there is a closed form solution for ¢;;. Therefore, understand-
ing the effect of applying an element of SO(n) to an affine set is equivalent to
understanding the effect of applying a Givens rotation.

Proposition 3.2. Let X be an affine set of dimension n—1 in R™, and assume
that X C {z; = 0} N{z; > 0}. If Y = P;;(6)X, with 8 € (0,7), then there
exists an affine set S such that X andY are both faces of S. Moreover, there is
a closed form solution for the affine constraints that determine S.
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y y

X t X t
-1 -1

Fig. 2. Left: The sets X and Y in Example[3l Right: The set S with X and Y as
faces.

Proof. If X C {z; = 0} N {z; > 0} is an (n — 1)-dimensional affine set with k&
faces, the affine constraints defining X can be written as

column ¢ column j
4 4
ain - ai-1 0 ariq1 000 @151 Q15 Gy 0 Gin a1
Y ] e
ak1 - Gki—1 0 Grit1 -0 Qrj—1 Qkj Gk j+1 *°° Gkn sl | ak
0 --- 0 1 o .- 0 0 0 0 m. 0
0.~ 0 -1 0 -+ 0 0 0 - 0 " 0
0 .- 0 0 o --- 0 1 0 0 0

The affine constraints for the set .S with X and Y as faces are given by

column % column j
1 1
ail - A1,i—-1 a1j(COt9 — CSC 0) al,i4+1 -+ Q15 - Ain ail
: : : . o ()
ag1 *++ Gki—1 Qkj (CO'C 6 — csc 0) Ak,i+1 " Qkj *** Akn + ak
0o --- 0 cos 6 0 ---sinf--- 0 Tn 0
0o --- 0 —1 0 . 0o --- 0 0

It can be verified easily that X is the face of S given by intersecting S with the
hyperplane {z; = 0}. Similarly, Y is the face of S given by intersecting S with
the hyperplane {cos z; + sinfz; = 0}. O

Ezample 3.1. Consider theset X = {(z,y) : 2 =0,y € [0,1]} and Y = Pi5(§)X.
Since X C {z = 0} N {y > 0}, we can apply Proposition to determine an
affine set S with X and Y as faces. The affine constraints for X are given by

0 1 0
0 —1 1
10 (x>+o,
10 Y 0
0 1 0
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where these affine constraints are in the same form as (@)). Applying ([ gives
the affine constraints for S as

(1—\/\? 1 0
—(1-v2) 1| (=z 1
5] G

—1 0 0

Or this set is given by the constraints that y < —(1 — v2)z 4+ 1, y > —z and
z < 0. The remaining constraint, that y > —(1 — \/i)x, is satisfied when the
other three constraints are satisfied. The set S is exactly the set that we would
have hoped for (see Figure [2]).

4 Admissible Sequences

For two (n — 1)-dimensional affine sets X and Y = RX + p, in general it is
not true that there exists an n-dimensional affine set with X and Y as faces.
When there is not an affine set with X and Y as faces, the question is: does
there exist a sequence of affine sets where the first affine set has X as a face, the
last affine set has Y as a face, and any two adjacent affine sets in the sequence
share a common face? In this section, it will be shown that for any set X and
Y = RX + p, there exists a sequence of affine sets of this form; these sequences
will be essential to the proof of the Main Theorem. The results of the previous
section allow each of the affine sets in the sequence to be computed. Detailed
proofs of the results of this section can be found in [Tj2].

Definition 4.1. Two (n — 1)-dimensional affine sets, X and Y, are admissible
faces if there exists an n-dimensional affine set 2(X,Y") with X and Y as faces.

4.1. If E(X,Y) is an affine set, for (R,p) € SE(n), there are the following
properties

where E(RX + p, RY + p) is an affine set with RX + p and RY + p as faces.

4.2. We have shown in Proposition 3] that if X C {z; =0} and Y = X +p
with p; # 0, then X and Y are admissible faces; we can take E(X,Y) to be the
affine set given by the affine constraints in (&)). Similarly, by Proposition B:2] if
X C{z; =0}n{z; >0} and Y = P;;(#)X, for 0 € (0,7), then X and Y are
admissible faces; we can take Z(X,Y) to be the affine set given by the affine
constraints in (7).
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2(X,Z,) E(Z,,Y)

f i
1 2 3 1 2 3

Fig. 3. Left: the sets X, Z1 and Y in Example LTl Right: the affine sets S1 = E(X, Z1)
and SQ = E(Z1,Y).

Definition 4.2. A sequence Zy, Z1, ..., Zx of (n — 1)-dimensional affine sets is
an admissible sequence of faces if there exists affine sets,

E(Zo, 21), B(Z1,23), ..., B(Zk-1,Zy).

Proposition 4.1. Let X be an (n — 1)-dimensional affine set and Y = X + p.
Then there exists an admissible sequence of faces Zg = X, Z1,Z: =Y.

Proposition 4.2. Let X be a compact (n—1)-dimensional affine set withn > 3,
andY = P;;(0)X. Then there exists an admissible sequence of faces

ZO = X7 Z17 "'7Z97 le =Y.

Remark 4.1. In the case where n = 2, an obvious modification of Proposition [4.2]
gives an admissible sequence of faces Zy = X, Z1, ..., Z4, Z5 = Y. Throughout
the rest of the paper, we will assume that n > 3. All of the results are applicable
to the case where n = 2, with the obvious modifications.

Theorem 4.1. Let X be a compact (n — 1)-dimensional affine set, and ¥ =
RX + p, with (R,p) € SE(n). Then there exists an admissible sequence of faces

ZO = X7 Zla ) Z%n(n—l)-‘,—l? Z%n(n—l)—&-Q =Y.
Ezample 4.1. Let X = {(z,y) : x € [0,1], y =0}, p = (2,0), and Y = X + p,

ie,Y ={(x,y): 2 €2,3], y=0}. Therefore, X and Y are given by the affine
constraints:

10 0 10 —9
-1 0 T 1 -1 0 x 3
0 1 <y>+ E 0 1 <y)+ o |
0 -1 0 1 0

respectively. It is clear that there is not a single n-dimensional affine set with X
and Y as faces. This is evident in the fact that the assumptions of Proposition
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are not satisfied; X C {y = 0}, but p2 = 0. By Proposition we can find
a sequence of admissible faces Zy = X, Z1, Z> = Y, and the corresponding affine
sets Sl = E()(7 Zl) and SQ = E(Zl,Y)

Define a = (2,1) and b = (0,—1), thena+b=pand Z; = X +a = {(z,y) :
z € [2,3], y = 1}. We can let S; = E(X, Z;), which is given by the affine
constraints in (B). Since Z; =Y —b, S = E(Z1,Y) =E(Y -b,Y) = E(Y,Y —b).
Because Y C {y = 0} and by # 0, applying Proposition gives the affine
constraints for Sy. Therefore, applying (&) to the affine constraints defining X
and Y gives the affine constraints defining S; and Ss as:

1 -2 0 10 —9
12 | (2 1 10 | (= 3
0 1 <y>+ 0l 0 1 <y)+ 0o |’
0 -1 1 0 —1 1

respectively. For a visual interpretation of these results, see Figure Bl

5 Spatial Equivalence

In this section we use the sequence of admissible faces found in Section [4] to
prove the Main Theorem of this paper. In the proof of this theorem, the hybrid
system Hjq is constructed. This allows Hiq to be explicitly computed, as will be
seen through an example following the proof of the Main Theorem.

5.1. A hybrid system H = (Q¥, DH, B VH) is said to be spatially equivalent
to a hybrid system G = (Q¢, DG, EG, V&) if the following conditions hold:
L Q] > [QH] = m.
2. For every i < m, DH = D& and for i > m, there exist admissible faces X;
and Y; such that DiG =E(X,,Y)).
3. For every edge e € EH there exists a sequence of k discrete states v(1), ...,
v(k) > m and edges 71, ..., 41 € ES such that

Ty, (Faces, (o) (DE1 ) = Xu(1)
Ty, (Yu(l)) = XV(Q)’

Tﬁk+1 (Yy(k)) = Facem(e) (DTI;IZ(E))
In the special case where k = 0, we require 7; to be an edge such that
Tnl (Facew3(e) (D};Il (6))) = Faceﬂ-‘l(e) (DTI;IQ(E))'

4. For i < m, VB = V& and for i > m, V;¢ is a vector field such that
8 (1, X;) = Y, where ¢& (¢, z) is the solution to V;C.
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Remark 5.1. Note that spatial equivalence is not an equivalence relation. The
term “equivalence” is used in order to stress the equivalence of the qualitative
behavior of H and G, when H is spatially equivalent to G. Although it might be
appropriate to replace “spatial equivalence” by a term such as “spatial embed-
ding”, the authors are concerned that this term would not stress the behavioral
similarities of the two hybrid systems.

Definition 5.1. A hybrid system H is compact if each of its domains is com-
pact.

Theorem 5.1. If H is a compact hybrid system, then H is spatially equivalent
to a hybrid system Hiq such that every transition map is the identity, i.e., T, = id
for every n € E¥ia. Moreover, Hiq is computable.

Proof. In order to prove this theorem, we will explicitly construct the hybrid
system H;q. First, we define

Ej ={ec E": T.#id},

which is the set of edges such that the associated transition map is not the
identity. If \E£| = k, then we can write the elements of Eﬁ as e, ...,ex (by
arbitrarily indexing them). For simplicity of notation, define the functions

fn) = Gn(n 1) +2,

glm,n,i)= (G —1)f(n)+m+1,

which will be used throughout the course of the construction.
CONSTRUCTION OF Hjq
Qi If QY = {1,...,m}, then define Q¥i¢ = {1,....m+kf(n)}, with k = |E§|

DHia: For i < m, define DZHid = DiH. If A;z + a; are the affine constraints
determining D, then we also let A;z + a; (with the order of the rows main-
tained) be the affine constraints determining DZH“*. In particular, this implies
that Face;(DF) = Face,;(DH).

Now we can construct the other domains of Hjq. For every edge e; € Eil,
1 < i <k, the transition map is given by T¢,(x) = Re,x + pe,, or we have

Facem(ei)(Dg(ei)) = ReiFacem(ei)(DEl(ei)) + De, -
Now by Theorem [43] we have the following admissible sequence of faces

Zé = Facew3(ei)(D7I;Il(ei))7 2{7 ceey Z}.‘(n)717 Z}(n) :Faceﬂ4(ei)(D7I;IZ(ei)).
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Setting
X

g(m,n,i) =

Zj,

Xg(m,n,i)+1 = Z% = Yg(m,n,i)»

Xgimomiy+fm)-1 = L)1 = Y(mom,i+f(n)—25
Z}(n) = Yg(m.n,i)+f(n)—1s
define the domains

H; = . .
Dg(;%,n,i)-i-j = h‘(*ng(m,n,i)+jaYtq(m,n,i)+j)7 1 <1< k; 0 < J < f(n> -1

It can be verified that for these values of ¢ and j, g(m,n,i) + j takes all values
from m 4+ 1 to m + kf(n), inclusive, and with no repeats.

EHa: If e ¢ EY and e ¢ Eilg, then the associated transition map is T, = id.

So define an edge n(e) € E™i to be n(e) = e. It follows that T, = id.
If e € Eﬁ, then e = e; for i € {1,...,k}. We can now define a set of edges

m(€i);n2(€:), -, Mp(ny+1(€;) € EMid as follows: if we index the faces of D;{(‘rfm’i)“
such that

H; _ H;
Xg(mni)+j = Facel(Dg(;z,n,i)—i—j)’ Yo(mm,i)+s = Face2(Dg(7crlL,n,i)+j)’

then we define

m (61) = ((Wl(ei)7g(m7 n, Z)), (71'3(62‘), 1)7
n2(ei) = ((9(m,n, i), g(m,n,i) + 1), (2,1)),

((g(m,n,4) + 5 = 2,9(m,n,4) + 5 = 1),(2,1)),

n;(es)

77f(n)(€i) = ((g(m,n,z) + f(n) - 2ag(mvnvi) + f(n) - 1)3 (2’ 1))7
Nimny+1(€) = ((g(m,n, i) + f(n) — 1,m2(e;)), (2, ma(es)).
The associated transition maps are
T”'ll(ei) : Faceﬂ”s(ei)(Dg(ei)) - Xg(m,n,i)v
Tnj(ei) : Yg(m,n,i)+j72 — Xg(m,n,i)+j717 1 <.7 S f(n>7
. H
Tﬁf(n)+1(ezi) : Yg(m,n,i)+f(n)—1 - Faceﬂ4(ei)(Dﬂ2(ei))’
SO

Faceﬂs(ei)(D};Il(@i)) = Xg(m,n,i)v
Yg(m,n7i)+j—2 = Xg(m,n;i)-i—j—la 1< j < f(?’l),

H
Yy(mn,i)+f(n)—1 = Facer, () (Drye,))-
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By definition, it follows that

T,

nl(ei) = Tﬁz(ei) == T’V]f(n)Jrl(ei) = ld

If we apply this construction to every edge in EH the result is the set FHia, It
is clear that for every edge in n € EHia, T, = id. It also follows that |EHia
[EH| +2f(n).

VHid: If < m, define V; = VH_1f i > m, then D' = E(X,,V;), where X;
and Y; differ by an element of SE(n), i.e., Y; = Q;X; + ¢;. Using this, we define

d

(j)ZHid (t, SU) - (]— - t)x + t(sz + qi)v ‘/;Hid( ) = dt

— (67 (¢, 2)),
and we have the property that qﬁ?‘d(l, X)=Q:X;+q¢ =Y.

To conclude the proof we note that in the process of constructing Hiq we
have shown that H and H;q satisfy properties 1-4 of Paragraph [5.1] hence H is
spatially equivalent to Hiq. O

Remark 5.2. Note that the hybrid system we constructed in the proof of The-
orem [5.1] is not unique. Moreover, the number of discrete states given in the
construction is not necessarily the smallest number of discrete states needed to
construct a spatially equivalent hybrid system. For example, if for every edge
e € EY the faces Faceﬁs(e)(Dfl(e)) and Facem(e)(DfQ(e)) are admissible (see
Definition 1)), then we can construct a hybrid system H;q, spatially equivalent
to H, with Q¥4 = {1,...,m +k}. This will be the case in the following example.

Ezample 5.1. We will construct ']I‘?d, or a hybrid system spatially equivalent to
T? (see Example 2T) where every transition map is the identity. In this case we
have two edges, e1, e € ETQ, and |Ei%2| = 2. First, note that we can define T2, in
terms of fewer than the number of discrete states given in the proof of Theorem
Bl because Facem(ei)(D?l(ei)) and Facem(ei)(Dg(ei)) are admissible faces for
i =1,2 (see Remark B.2).

Set QT = {1 2,3}, and let Dl‘d DT, which we defined in Example EZT1
To construct D, T and Dy T , note that

Faceg(Djlrz) = Facel(qu) + (é) , Faceg(qu) = Face4(D11r2) + ((1)) .

Since Face; (DT*) € {z = 0} and Face,(DT") C {y = 0}, by applying Proposition
to the affine constraints AT,z + a¥; and AT,z + a¥,, given in equations (B)
and (), it can be verified that

E(Facel(D?ITZ), Faceg(D11F2)) = E(Face4(D11T2), Faceg(DT)) = Djlrz.
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nz2(er)
ni(er)

T
€9 D3 id V

Fig. 4. Left: T2. Right: T,.

Now as in the proof of Theorem Bl define
Xy = Faceg(D}r2), Yy = Facel(Dqlﬁ),
X3 = Faces(DT"), Y3 = Facey (DT,

then - , 2 ,
Dy = B(X,,Ys) = DY, D3 = B(X3,Y3) = D],

and DT = {DJla Dl DI},
Now we will determine the edges of TZ. As in the proof of Theorem [5.1]

2 2
index the faces of Dg“‘ and Dg‘d such that
2

X5 = Facel(D;rid), Y5 = Face; (ng)v

X5 = Face; (D;r‘d), Y3 = Facey (D;rid),
and for the two edges ej, es € ETZ, define

mer) = ((1,2),(2,1)),  mle2) =((1,3),(4,1)),
772(61) =((2,1),(2, 1))= 772(62) = ((37 1),(2,3)).

Set BT = {mi(e1),n2(e1),m(e2), n2(e2)}, and note that the corresponding tran-
sition maps Ty, (e;) = Top(er) = Ty (es) = Thpa(es) = id (see Figure H).

Finally, define V;" = V™ and

= () e = ().

2 2 2
So, VTia = {VIT‘d,VQT‘d, VST‘“‘}. This completes the construction of TZ.

1
3
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