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Abstract— Understanding Zeno phenomena plays an impor- being concrete enough to allow for analysis, e.g., [4] and [5]
tant role in understanding hybrid systems. A natural—and  study how to reduce these systems.
intriguing—question to ask is: what happens after a Zeno  jging the special structure of Lagrangian hybrid systems
point? Inspired by the construction of [9], we propose a method btained f hvbrid L ; ble to d )
for extending Zeno executions past a Zeno point for a class obtained irom nhybn ggranglans, _We are a G_’ O_ emon
of hybnd Systems: Lagrangian hybnd Systems_ We argue that strate that the Zeno pOInt must SatISfy constraints Imposed
after the Zeno point is reached, the hybrid system should switch by the unilateral constraint function. These constraints are
to a holonomically constrained dynamical system, where the holonomicin nature, and this implies thatfter the Zeno
holonomic constraints are based on the unilateral constraints  qint the hybrid system should switch to a holonomically
on the configuration space that originally defined the hybrid - - . .
system. These principles are substantiated with a series of constrained Qynamlcal sys’Fem. The resu_ltlng s_ystem ob'Falned
examples. by “composing” the hybrid system with this dynamical
system defines aompleted hybrid systerwhich inherently
I. INTRODUCTION allows an execution to continue past the Zeno point. Since

Itge Zeno point will never be reached in a simulation environ-

an infinite number of discrete transitions in a finite perio ent, we discuss how to practically implement a completed

of time. Since each discrete transition takes a finite (an brid system, and we illustrate these concepts with a series

nonzero) amount of computation time, Zeno behavior preq examples.

vents a simulation from progressing past a certain time, i.e.,
the simulator “breaks.” Because the physical system that the II. HYBRID LAGRANGIANS

hybrid system is modeling can exist past the Zeno point, theIn this section, we introduce the notion of a hybrid

simulator should be able to correctly predict this “life afterLagrangian Many different forms of “hybrid Lagrangians”
Zeno.” This motivates the need to carry a Zeno executio ave appeared in the literature, although not under this

(or_ trajectory) past the point at which Zeno occurs: the ZenQpecific name. The goal of the definition introduced here
point. ) ) . is to be general enough to include these definitions, while
In this paper, we propose a method for carrying executiong,in g specific enough to allow for explicit constructions.

past the Zeno point. Although we do nptove that this | ot ;) pe theconfiguration spacéor a mechanical system
is the correct way to carry executions beyond Zeno pomtgTj

Zeno behavior occurs in hybrid systems when there a

. fassumed to be a smooth manifold) aid) the tangent
we argue that our method correctly represents the physic andle of Q. In this paper, we will consider Lagrangians,

post-Zeno, behavior of the system being modeled. In order to . TQ — R, describing mechanical, or robotic, systems
support this argument, we consider a class of hybrid systeq$.: -1, are Laéjrangians of the form ' ’

in which we can make inferences about the behavior of the

systems after the Zeno point based on their mathematical L(g,§) = quM(q)q ~V(q), (1)
structure—hybrid systems obtained from (simplgybrid 2
Lagrangians Lagrangian hybrid systems where M (q) is the inertial matrix,3¢” M (q)q is the kinetic

A hybrid Lagrangian consists of a configuration spacesnergy andV (q) is the potential energy. In this case, the
a Lagrangian, and a unilateral constraint defining the s@uler-Lagrange equations yield the equations of motion for
of admissible configurations of the system (and usuallthe system:
dictated by physical constraints on the system). From a . .
hybrid Lagrangian, we are able to explicitly construct a M(q)§ +C(g,4)q + N(q) =0, @
Lagrangian hybrid system. Hybrid systems of this form aryhere C(q, ¢) is the Coriolis matrix (cf. [13]) and N (¢) =

general enough to model a wide range of physical systems’ ;) Settingz = (¢, ¢), the Lagrangian vector fieldt;,
(cf. [7] and the more than 1000 references therein), whilgesociated td, takes the familiar form:

*This research is supported by the National Science Foundation (NSF = (x) _ q (3)
award number CCR-0225610) L M(q)~*(=C(q,4)¢ — N(q)) )"



Fig. 1. Ball bouncing on a sinusoidal surface (left). Pendulum on a cart (middle). Spherical pendulum mounted on the ground (right).

This process of associating a dynamical system to a L#iis case, the presence of the ground gives the physical
grangian will be mirrored in the setting of hybrid systemsconstraints on the configuration space. That is, we define
First, we introduce the notion of a hybrid Lagrangian.

P = (Qp,Lp, hp),

Definition 1: A simple hybrid Lagrangiaris defined to where Qp = S?, ¢ = (0,¢), and Lp is the standard

be a tuple Lagrangian for this system. Finally, the constraint that the
L= (Q,L,h), pendulum is not allowed to pass through the ground is
where manifested in the constraint functidip (6, ©) = cos(6).

« () is the configuration space,
o« L:TQ@Q — R is a hyperregular Lagrangian,
e« h : @ — R provides unilateral constraints on the A = (D, f,G,R),

configuration space; we assume that (0) is a smooth

manifold. where

« D is a smooth manifold,
Example 1 (Ball): The first running example of this pa- « f is a vector field on that manifold,
per is a ball bouncing on a sinusoidal surface (cf. Fig. 1). In « G is an embedded submanifold 6f called theguard,

Definition 2: A simple hybrid systens a tuple:

this case o R is a smooth embedding : G — D called thereset
B = (@B, Ls, hB), map
where@Qp = R?, and forz = (z1, 22, z3), For a Lagrangian (1), there is an associated dynamical sys-
)< ) S e et (011)
Finally, we make the problem interesting by considering the 4, = (Dv, fu, Gr, Ru).

sinusoidal constraint function

. First, we define
hs(x1, 22, x3) = x3 — sin(za).

So, for this example, there are trivial dynamics and a Pr = {(q’?) €TQ: h(q) 2 0}, _
nontrivial constraint function. Gr = {(¢,4) €TQ : h(g) =0 and A(q)g < 0},
. . h
Example 2 (Cart): Our second running example is a con-W ere
strained pendulum on a cart (cf. Fig. 1). This is a variation Aq) = @(q) — ( g—h(q) g—h(q) ) )
on the classical pendulum on a cart, where the pendulum is dq « an

not allowed to “pass through” the cart, i.e., the cart givesince this is the setup for systems with unilateral constraints
physical constraints on the configuration space. In this caggf. [7]), we define the reset map

C = (Qc, Lc; he), RL(g,4) = (¢, P(q,9)),

where Qc = S! x R, ¢ = (6,z), and L¢ is the standard based on the impact equation
Lagrangian associated to this system. Finally, the constraint

that the pendulum is not allowed to pass through the cartis  P(q,¢) =
. . ; . _ . Y -
manifested in the constraint functidi: (6, x) = cos(9). i—(1+e) A(q)M(;;IZC{A(q) M(q)A(q)T,
Example 3 (Pendulum):Our final running example is a where(0 < e < 1 the coefficient of restitution which is a
spherical pendulum mounted on the ground (cf. Fig. 1). Imeasure of the energy dissipated through impact.



Ry (z) Here ¢; = (¢i,¢:) € €, and the Zeno point is necessarily
a single point because of the specific problem formulation
z € Gy considered in this paper.
A hybrid system is Zeno if it admits a Zeno execution,
i.e., if there exists an executiop’”t that is Zeno.

The definition of a Zeno execution results in two quali-
tatively different types of Zeno behavior (cf. [3]); they are
defined as follows: a Zeno executigr’® is

Chattering Zeno: If there exists a finiteC' such
thatm,,y — =0forall i > C.

Finally, fi, = f; is the Lagrangian vector field associated =~ Genuinely Zeno:If 7., —7; > 0 for all i € N.
to L. A graphical representation of the hybrid system is giveithe difference between these is especially prevalent in their
in Fig. 2. detection and elimination. Chattering Zeno executions result
from the existence of a switching surface on which the vector
Example 4: Utilizing the above construction, we can as-fields “oppose” each other; for this reason they are easy to
sociate to each of our running examples—the bouncing batletect. Filippov solutions can be defined on these surfaces in
the pendulum on a cart and the spherical pendulum—hybratder to force the flow to “slide” along the switching surface

Fig. 2. Lagrangian hybrid system obtained from a hybrid Lagrangian.

systemsi#g, ¢ and p, respectively. (cf. [9]). Later in this paper we will generalize this technique
to extend genuinely Zeno executions past the Zeno point.
Definition 3: An executionof 7 is a tuple Genuinely Zeno executions are much more complicated
W = (A,9,€) in their behavior. There are very few methods currently
e available to detect the existence of genuinely Zeno execu-
where tions, namely [1] and [6]. Little has been done in the area
« A=1{0,1,2,...} C Nis a finite or infinite indexing of eliminating these executions, although there have been
set, some results ([2] and [11]) for special classes of hybrid

o J = {I;}ica is ahybrid intervalwhere I; = [r;,7;41] Systems. This is the case because genuinely Zeno executions
ifi,i+1€ Aandly_; = [rn_1,7n] OF [Tn_1,7n) OF &re fundamentally global in nature, which prevents the use

[Tn_1,00) if |[A| = N, N finite, with 7;, 7,1, 7v € R Of local techniques in their analysis.

andr; < Tiqq, The hybrid systems considered in this paper display both
e C = {ci}ien is a collection of solutions off, i.e., chattering and genuinely Zeno behavior; roughly speaking,
¢i(t) = f(ci(t)) for all i € A, the coefficient of restitution can be used to differentiate

between these systems. Moreover, Zeno points must satisfy

such that the following conditions hold for everyi+1 € A, - . k . :
certain constraints based on the unilateral constraint function.

(i) ci(tiy1) € G, That is, we make the following observations:
(i) Rlci(ri+1)) = civa(7itn)- CZ: If 4 has a chattering Zeno execution,
x7, thenC = 1, i.e., oo = 7 — 79 and
[1l. UNDERSTANDING ZENO BEHAVIOR Too = (q1(71),¢1(m1)) With h(g: (7)) = 0 and
We begin this section by defining Zeno executions (cf. A(q1(71))d1(m1) = 0.
[1]-[6], [10], [11] and [15] for more on Zeno behavior). ~ GZ: If 7, has a genuinely Zeno execution, then
We then discuss two important classes of Zeno executions: 0 < e < 1. Moreover, if y” is a genuinely
chattering Zeno executiorend genuinely Zeno executians Zeno execution, then,, = (¢, o) IS @ point
In the context of Lagrangian hybrid systems obtained from with h(ge) = 0, and A(goo ) oo = 0.

hybrid Lagrangians, we relate the coefficient of restitution
with these two types of executions, and we give conditions
that the Zeno point of a Zeno execution must satisfy in either IV. GOING BEYOND ZENO
case. In this section, we propose a method for going beyond
Zeno points in the class of systems considered in this paper:
Definition 4: An executiony”* is Zenoif A=Nand | agrangian hybrid systems. This method is supported by

0 the structure of the systems begin considered, although we
Jim 7 = Z(Ti+1 —Ti) = Too do not claim toprove that this is the right way to carry
i=0 executions beyond Zeno points, or even that executions
for some finiter., termed theZeno time If y”% is Zeno, should necessarily be carried beyond Zeno points. We do
then itsZeno pointis defined to be claim that if one wishes to carry an execution beyond a Zeno

. _ . _ point, and the system being considered is obtained from a
Too = (doos o) = lim ¢i(7) = lim (gi(7), 4i(7i))- hybrid Lagrangian, then this procedure gives a method by



which to do so. The authors are unaware of any similar

results in the literature. ) 0o A0
We will assume that the hybrid system being considered P

here is Zeno, and that’*t is a Zeno execution. Of course,

for this procedure to be justifiable in a simulation framework,

one must verifya priori that the system being considered

is Zeno. Although we will not explicitly derive conditions

on when hybrid systems are Zeno, this is an active area

of research for the authors (cf. [1] and [6]). In the next Fig. 3. A completed hybrid system#Z7y,.

section, we will indicate how to practically implement the

results given in this section. We begin by summarizing

the observations of the previous section by stating theRgefore the Zeno point the dynamics should be dictated;y

concisely. while after the Zeno point the dynamics should be dictated by
f£°. We can generalize this construction to include genuinely
Main Observation. If y” is a Zeno execution Zeno Lagrangian hybrid systems.

of a Lagrangian hybrid systen#/,, then the . i ] )
Zeno pointre, = (¢eo, oo ) i @ point satisfying [?ef|n|t|on 5. If J4, is a Lagrangian hybrld system, we
_ s define the correspondingompleted hybrid systén{or the
h(goo) = 0 and A(¢oo)goo = 0. '
completionof .74,) as

This observation indicates how the system should behave — [ Z¢° if h(¢) =0 and A(q)¢ =0

after the Zeno point, i.e., it should satisfy a holonomic { 74, otherwise.

constraint. This holonomic constraint forces the system to

slide along surfacé—1(0) = {q € Q : h(q) = 0}. From this, A completed hybrid system, as obtained from a La-

we argue that after the Zeno point, the hybrid system shouifangian hybrid system,, can be seen in Fig. 3. To

switch to a holonomically constrained dynamical system. Make the definition of the completed system somewhat
Recall that for a holonomically constrained system demore transparent, some comments are in order. The Main

scribed by a LagrangianL, of the form given in (1), Observation indicates that the only way for the transition

the equations of motion for the holonomically constrained® be made from the hybrid system#y, to the dynamical

system are obtained from the equations of motion for th&ystemZr” is if a specific Zeno execution reaches its Zeno

unconstrained System (2)' they are given by (Cf [13]) pOint. Therefore, before the Zeno pOint, the Zeno SyStem
simply will be the hybrid systeny#,, while after the Zeno

M(q)i + C(g,4)d + N(q) + A(g)" A =0, point, the completed system will be the dynamical system
where ) is the Lagrange multiplier, which in this case isZt - Since the dynamical system forces the system dynamics
given by to be constrained to the manifold defined hy*(0), this

) implies that the completed system will slide along the guard

A= (AlgM(9) " A(9") ! (A(CI)(J (switching surface) after the Zeno point.

—A(Q)M()" (Clg, 9)d + N(2))) - This can be understood further on the level of executions.

We can define an execution of the completed hybrid system
From the constrained equations of motion, for= (¢,¢), 71, by concatenating a Zeno execution gff, with a
we get the vector field solution to the dynamical systei;®.
i o= ) Specifically, lety”t = (N,J, €) be a Zeno execution of
L J#,. We obtain an execution (or solution) of the completed
hybrid systems, by defining it to be

g
( M(q)~"(=C(g,4)§ — N(q) — A(9)"\) ) ' _ o
X%L = (N U {OO},U, G)v

Note that thef;° defines a vector field on the manifold
TQ|n-1(0y, from which we obtain the dynamical system  where

78 = (TQ|n-1(0): f1°)- T=JU{le = [T, 0)}, €=CU{co},

This, when coupled with the Main Observation, will bewith c.,(¢) a solution tof§° with initial condition the Zeno
essential to understanding how to carry executions beyopdint:
Zeno points. Coo(Too) = oo = (G, oo

We begin by considering the case whéffj, is a chattering ) o ) )
Zeno hybrid system; in this case, the idea of carryinén the next section, we will discuss how to simulate solutions
executions past the Zeno point has been well-studied. In [¢]f completed systems.
it is argued that once the solution hits the “switching surface”
(Or{ n Qur case, the guard)' the solution _ShOUId_SI'_de a_‘long th61This terminology (and notation) is borrowed from topology, where a
switching surface. In terms of Zeno points, this implies thatetric space can be completed to ensure that “limits exist.”



V. MODELING AND SIMULATION In the above two equations, there are four variables—

We discuss two practical issues when modeling and simf2, 42, @3, and @z—involved but only two constraints,
ulating completed hybrid systems (see Fig. 3). These issug@ We can't resolve all of the variable values, i.e., we
are related to the transition from the left sta#, to the right MUust use part of the S|mullat|on results to qbtam the initial
state 7¢°, and the corresponding initial conditions 6. conditions for th(_a constrained systems. Fmglly, there are
The theoretical framework established in this paper allow0 extra constraints for the rest of the variables of the
us to justifiably surmount the practical problems introduce@YyStém—#: and i;—and their initial conditions are simply
in simulation. the simulation results. Therefore, if we use the simulation

The first simulation issue is derived from the unavoidabléesults ofz; and:; to obtain the initial conditions for the
numerical errors caused by finite representations of valu€gnstrained system, the complete reset map is:
in a computer and truncation errors introduced by practical
ODE solvers, i.e., a simulator produces an approximate
executiony”% to the executiony””. Therefore, we can't (21, 22, sin(x2), 71, @2, cos(w2)d2).
guarantee or expect a solution to reach the exact Zeno poipt . .

Zoo = (oo, duo). Moreover, in order to reach the Zeno point, or the other running examples, the calculations are the

an infinite number of computation steps have to be performé@me‘ The end result is that:

RB ([El,.’l?27$37l'1, Z2, 'I3) =

(in a finite amount of time). Therefore, instead of resolving RX(0,2,0,) = (sign(0)7/2,,0,%)
a solution that passes through the Zeno point exactly, we N N
will compute an approximation of the Zeno solution; the Rp(0,0.0,¢) = (7/2,¢,0,9).

approximated solution will pass through a neighborhood of Wi HvVisual (cf. I8 h deli d simulati
the Zeno point, so we must modify the transition to the le_ll_ﬁe yvisua (c ][ Dast € mo 9'”%?” S||mlu at;]on
systemZ;° accordingly. Before discussing the details of thd©®': The semantics of a transition in this tool is that

construction of the approximate solution, we first address thlgfllene'ver 'L:’j .gltjalrd e;(prlezssm: beCOﬂ:ZS ;[ru?, the traﬂsn[on is
second modeling issue. aken immediately (cf. [12]). An event detection mechanism

The other concern is the reinitialization of the new conis deployed to ensure that a transition is taken close to the
strained systemZ®. In other words, after the transition time point when its guard expression becomes enabled. These
to this system \I;ve must give initiéll conditions for thesemantics are very important in ensuring that the simulation

constrained system. Theoretically, the initial condition iéalpproxmates the exact Zeno solut|ons._ )
the Zeno point, but because in simulation we do not ac- Next, we take a _close look at the smulaﬁon results of
tually reach the Zeno point, an initial condition must pdhe Ball exgmple to illustrate how we approximate the exact
estimated—one that satisfies the same conditions as a zeffg© selution.
point: h(ges) = 0 and A(¢eo)goo = 0.

The approximation to the completed hybrid systeffy,,
denoted bys7y , is given by

Example 6 (Ball): In this example, we choose the initial
conditions aszy = (qo,4o) = (0.0,7/3,2.0,0.5,0.0,0.0),
and the coefficient of restitutioa is chosen as 0.6.

7 = { g if abs(h(q)) < € and abs(A(q)q) < € We begin by simulating the hybrid systes#, the results
S otherwise. of which are shown in Fig. 4 (to which the rest of the

When switching from, to 2¢° via the approximated guard paragraph 'refers). The simulation time is set to 6.0,' but
condition, we use a map which resets the variables so th&€ simulation gets stuck at around 2.04; the bottom figure
they satisfy the conditions of a Zeno pointtg..) = 0 and indicates that the ball tries, but is unable, to climb upwards

A(gso)dso = 0. Specifically, for a pointq, §) satisfying the along the surface (a sinusoidal waveform). Its velocities
approximate guard condition decrease during this process due to the energy loss through

) impact as can be seen in the top figure. As a consequence,
abs(h(q)) < ¢ and abs(A(g)q) <'e, more and more collisions are triggered and the time interval

we define a reset maﬁoo which Sendiq’q') to an approx- between two consecutive collisions keeps Shrinking. The

imate Zeno point(Ges, dos) = R™(q, §), satisfying dense points near time 2.04 in the middle figure ino!icate that
. o~ more and more computation steps are taken, which makes
h(gos) = 0 and A(goc)doo = 0. the simulation halt. This behavior is indicative of genuinely

We now briefly discuss how to construct the mag® for ~£€no behavior. _ _
the running examples in this paper. In all of these examples, Fig- 5 shows a simulation of the completed hybrid system

the vector fields for the constrained dynamical systems aré B With the same initial conditions. Note that the simula-
easy to calculate. tion closely approaches the Zeno point before the behavior

of the ball automatically switches to whig® specifies, i.e.,
Example 5: We begin by considering the ball. Note that the ball oscillates along the surface (a sinusoidal waveform).
Therefore, the simulation does not halt, freely moving be-
hg(z) = 0 = z3 = sin(zz), yond the Zeno point in a manner consistent with physical
Ag(x)t = 0 = &3 — cos(xa)dy = 0. reality.
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Fig. 4. Simulation gets stuck at the Zeno point. (Top) Velocities over th&ig. 5. Simulation goes beyond the Zeno point. (Top) Velocities over the

time. (Middle) Displacements over the time. (Bottom) Displacement on théme.
x3 direction vs. the displacement on the direction. z3 di

For the other running examples of this paper—the cart®l
and the pendulum—the modeling and simulation techniques
are basically the same. All of these models are available as

demos in release 6.0 of HyVisual and Ptolomy [14]. {g
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