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Abstract— This paper presents two strategies for designing
underactuated, planar robotic walking gaits and for realizing
them experimentally. The methods draw upon insights gained
from the authors’ recent work which leverages properties of
the mechanics of the robot to design a controller that stabilizes
walking by regulating the transfer of angular momentum about
one support pivot to the next. One proposed gait design strategy
is to simulate a closed-loop hybrid model of the robot under
the action of the mechanics-based controller to produce an
implicit periodic orbit for each set of controller parameters. The
second design strategy modifies traditional usage of nonlinear
optimization to produce parameterized outputs corresponding
to a stable Hybrid Zero Dynamics. The novel approach is to
reformulate the HZD stability constraint using the mechanics
of the system and to propose an alternative to the periodic
HZD orbit existence constraint through the use of an angular
momentum variant of the Linear Inverted Pendulum. The two
methods are used to design gaits that are implemented in
experiments with the AMBER-3M robot.

[. INTRODUCTION

To realize the full potential of humanoid robots as valuable
tools for the general public, contemporary research is aimed
at developing controllers that achieve unassisted walking in
unstructured environments. It is important to note, however,
that the controller design process often starts with simpler,
planar analysis and experiments. Many of the recent experi-
mental robot locomotion controller implementations, such as
[6], [13], [14], [19], [23], can be traced to simpler, planar
origins. Following this workflow, the goal of this paper is
to present strategies for designing walking gaits — using
the principles described in the authors’ recently proposed
approach for achieving theoretical 3D walking [20] — for the
purpose of initial experimental implementation and testing
on the planar AMBER-3M robot, shown in Fig. 1.

The notion of a walking gait considered in this paper
is intimately connected with the choice of (hybrid) robot
model [10]; in this context, robotic walking gaits correspond
to periodic solutions in the hybrid system. This allows for
verification of the stability of walking gaits to be computed
through rigorous stability analysis, namely the method of
Poincaré [11]. Extensions of this analysis have shown that
through proper design of continuous-time control, stability of
a closed-loop walking gait can be related to the stability of
a subset of the system’s coordinates termed the Hybrid Zero
Dynamics (HZD) [18], [27]. The HZD gait design framework
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Fig. 1. AMBER-3M: the modular bipedal robot custom-built by AMBER
Lab. It has multiple leg configurations to test different walking types—in
this case, the point-foot setup is considered.

provides a set of nonlinear constraints on the gait parameters
which — if satisfied — imply the gait is locally exponentially
stable. The original HZD framework solved these constraints
through nonlinear optimization, and indeed, most hybrid-
system gait generation methods have used optimization to-
date. However, new methods [22] and [16] are capable of
producing periodic orbits without optimization.

It has been noted that one of the zero dynamics coordinates
in underactuated walking is the angular momentum about
the stance pivot [4]. This observation motivated the authors’
mechanics-based approach that is built around the goal of
controlling the transfer of angular momentum from one
support pivot to the next [20]. The present paper proposes
two strategies for generating gaits through the mechanics-
based control principles for the purpose of experimental
validation. The first is to generate gaits implicitly — i.e.
without optimization — by simulating the closed-loop hybrid
system under mechanics-based control until it converges to
an orbit. The second gait design strategy uses the connection
between the zero dynamics and the mechanics of under-
actuated walking to modify Hybrid Zero Dynamics based
nonlinear gait optimization methods. Both design strate-
gies ultimately produce parameterized functions encoding
walking gaits; these functions are used in conjunction with
inverse kinematics to implement the gait in position-control
experiments with the AMBER-3M robot.

The proposed gait design philosophy is to expose the
general mechanics of underactuated walking and then build
controllers to manipulate these mechanics. This approach



is just one of many usages of Classical Mechanics [7],
which has played a large role in the development of several
humanoid walking control principles and strategies to-date.
The Zero Moment Point concept uses the relationship be-
tween the center of mass acceleration and the reaction forces
acting on footed robots to establish foot-rotation-stability
criteria [26]. Assumptions on the mechanics of the system
can be used to reduce the nonlinear rigid-body dynamics into
more tractable systems such as the Linear Inverted Pendulum
[15], which has seen tremendous success in walking control
design [21], [25]. And adding angular momentum feedback
to HZD-based virtual constraint optimization results in in-
creased robustness to perturbations in the walking surface
[9]. The current paper intends to add to the existing walking
mechanics literature by illuminating useful properties of the
hybrid mechanics of underactuated walking.

II. PLANAR UNDERACTUATED WALKING

The robot of interest in this paper is a underactuated biped:
it has five degrees of freedom but only four actuators located
at the robot’s knee and hip joints. The fifth degree of freedom
— located at the support ‘ankle’ — is not actuated. This section
begins with a brief overview of the hybrid system [10] used
to model the robot.

A. Hybrid System Model and Walking Gaits

Let 6 € R5 denote the robot’s joint angles, let 2 = (6, 0)
denote the robot’s states and let u € R* denote the torques
applied by the robot’s actuators. Under a choice of feedback
control u = u(x), the behavior of the robot is modeled as a
closed-loop hybrid dynamical system with both continuous-
time, rigid-body dynamics & = f(x) and discrete changes in
state T = A(z™) that occur when the robot’s swing foot
strikes the ground. At these impacts, A models the jump
from the state just-prior to impact, x~, to the state just-after
impact (and leg swap) zT. See [10] for details on f, A,
options for u(z) and construction of the hybrid model.

The evolution of the states in this hybrid system can be
compactly represented using Poincaré map techniques. In
particular, the state of the robot, ™~ [k + 1], just-prior to
impact in the end of step k + 1, is given by

T[k+1]
7 [k+1] = A (27 [k]) +/0 flx(t)dt (1)

where Tk + 1] = T(A(x~[k])). In this paper, walking gaits
correspond to periodic solutions of the hybrid system which
further correspond to fixed points of (1); i.e. 7 [k + 1] =
x~[k] = x*, for k = 1,2,... Numeric Poincaré analysis is
often used to verify the local stability of a walking gait [11].

As the particular robot considered is underactuated, creat-
ing stable walking gaits can be challenging: underactuation
corresponds to nonlinear dynamics that are not affected by
the robot’s motors and thus not locally controllable. A key
observation, however, is that one of the components of the
underactuated dynamics corresponds to the rate of change of
angular momentum about the robot’s support pivot. This fact
motivates the proposed strategies for designing walking gaits

which leverage properties of the angular momentum about
the stance pivot in order to uncover new insights into the
uncontrolled dynamics in underactuated walking.

B. The Mechanics of Underactuated Walking

The (mass-normalized) angular momentum, L,, about the
support pivot along the continuous flow can be expressed as

H,
i 2

where z. = z.(0) and z. = z.(0) denote the horizontal and
vertical positions of the center of mass relative to the stance
pivot, H, = H.(0,0) is the centroidal angular momentum,
and M is the total mass of the robot. In the model of interest,
the support leg pivots freely about an ideal pin-joint (the
support ankle). Note that the only external moment acting
on this pivot is due to gravity, thus by Newton’s second law

L, =gz 3)

Ly=2.2.— %2+

where g is the acceleration due to gravity. Although Ly, when
computed by taking the derivative of (2), does contain the
joint accelerations 0 which are themselves functions of the
choice of feedback control u, Newtonian mechanics indicates
that Ly is actually independent of the choice of u (for this
particular point-foot robot). Specifically, the r.h.s. of (3) is
only a function of the joint angles 6 through x. = z.(9).
This implies that (2) and (3) are a part of all underactuated
walking behaviors, and that L, is not locally controllable.

In the context of the hybrid model of walking, the discrete-
time momentum mechanics also plays a large role. The
transfer of (mass-normalized) angular momentum from one
support pivot to the next — i.e. the discrete-time momentum
mechanics — on flat ground can be expressed as

Lk +1] = Ly [k] + a, [k]2; [k], )

where z,, = x,(0) is the horizontal nonstance foot position
relative to the support pivot. As noted in [20], while the
(Iocal) continuous-time evolution of L, is uncontrollable, the
hybrid evolution of L, can be controlled through control of
x, and Z. using (4) and the following qualitative character-
ization of the continuous-time angular momentum.

C. Angular Momentum Variant of the LIP

The angular momentum variant of the Linear Inverted
Pendulum (LIP) [15] is given by the system

Ly = 20T¢, @)
Ly = gz, (6)

where z is a constant height of the center of mass. The phase
space of the angular momentum LIP — shown in Fig. 2 —
provides a qualitative characterization of the evolution of L,
and . in the nonlinear system for z.&. >> —x.2.+H./M.
Note that the asymptotes L, = +,/gzox. divide the phase
space into four quadrants, and that the top quadrant corre-
sponds to forward walking. This characterization suggests
that in order to ensure forward walking in the nonlinear
hybrid system model (1), the post-impact ;" and L; should
always take values in the top quadrant of the LIP phase space.



III. IMPLICT GAIT DESIGN VIA MECHANICS-BASED
CONTROL

The properties of the hybrid mechanics discussed in the
previous section were used to motivate the Mechanics-Based
Controller (MBC) proposed in [20]; this section discusses
how to use MBC to design walking gaits for the purpose of
experimental implementation. The benefit to this approach is
that different gaits can be obtained by changing the five con-
troller parameters. However, as the method does not enforce
hybrid output invariance, the gaits are not known explicitly.
Therefore, a gait is obtained implicitly by simulating the
closed-loop hybrid system until it converges to an orbit.

A. Mechanics-Based Control

The mechanics-based controller in [20] is ultimately man-
ifested in the construction of desired outputs for the robot’s
nonstance foot position, xz,, and z,,, vertical center of mass,
Z¢, and torso orientation, ¢;. These outputs take the form

xn(0) zgl(xc,kx(xc,Ly))
wod =) Toy | = | Fenany | O
o (0) 0

where z, = z.(d) and L, = L, (0, 6). Note that 2%, 2¢ and
24 can be simple functions of z.. The key to MBC is the
design of the coefficients of these functions, i.e. the design of
ky, k, ke which dynamically update as x. and L, evolve.
The coefficients encode the goal of simultaneously swing-
ing the leg forward while also ensuring that the uncontrolled
coordinates — the angular momentum and the horizontal
center of mass — are regulated in the hybrid evolution
of the system. As noted in Section II-B, the post-impact
angular momentum can be manipulated by controlling the
pre-impact step length and vertical COM velocity according
to the discrete mechanics (4). This together with the fact that
xFf =z, —x,, provides a set of “boundary conditions” on
the desired trajectories when the system reaches (x., L, )

o (e k) = 27 — ®)
L — L~

ZM(x] k) = L—L1, )
Te — X

24(x7,k,) =0, (10)

for a given desired post-impact 7 and Lj.

The solution of the angular momentum LIP dynamics (5)-
(6) is used to compute a forward horizon estimate % (6, 6)
of what z_ will be when L, reaches a given LZ*

d—\2 N2
i.(0,0) = \/(Ly ) L,©.9) + 22(0).
gzo gzo
This value is estimated continuously throughout the step, and
converges to the value of z.(#) in the nonlinear system as
Ly(G,é) approaches LZ‘. This estimate (11) is substituted
for 7 in the boundary conditions (8)—(10) and used, in
conjunction with additional boundary constraints, to dynami-
cally calculate the coefficients ky, k,, and k.. Using control
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Fig. 2. (Gray) The phase space of the angular momentum variant of the
Linear Inverted Pendulum, described by the system (5)—(6), with zo =
0.87m. (Blue) Simulation of the nonlinear hybrid walking model (1) of
AMBER-3M under the control described in Section III. The solid blue line
is the continuous-time evolution of the x. and L, coordinates, described
by (2) and (3), and the dashed line indicates the discrete mechanics (4).

to stabilize outputs of this form results in stable periodic
walking in simulation for a range of controller parameters.
B. Implicit Gait Design Process

Given a choice of mechanics-based controller outputs (7),
a gait can be created by first choosing controller parameters,
including z7, L7, then solving an inverse kinematics problem

(6(0),6(0)) = (6,6) s.t.
y(0,0) = 4(0,0) =0, x.(0) = %, L(0,0) = L.

(12)

The gait is then obtained by simulating the closed loop hybrid
system (1), starting from 6(0) and #(0), under a controller
that drives y — 0, e.g. Feedback Linearization [24], until the
hybrid system converges to a periodic orbit. If the robot falls
over, the process is repeated for a new x¢, L; that is further
in the interior of the upper quadrant of the LIP phase space.

C. Desired Functions and Adjustments for Experimental Use

For this work, the following desired basis functions were
chosen over the original set of functions put forth in [20]

xﬁ(wc, Ky (2, Ly)) = kLlIg + kwaﬁ + ky 3T + kg4,
zz(xc, k,(xc,Ly)) = 2 sin(k, 12c + ks 2),
Zg(xca kc(mc, Ly)) =2+ Sin(kc,lxc + kc,2)~

Adding sinusoidal oscillation to the (constant) height of the
center of mass results in reduced joint-velocities. Note that
this choice of z¢ does not allow for specification of both Ly
and LZ‘, however, picking LZ_ allows for the resulting LZ
to be tuned through (9) by manipulating 4.

These functions are used in the experimental deployment
of the gait, however, the angular momentum computed on
the measured encoder velocities is currently unusable as a
feedback signal. Thus in the experimental implementation,
presented in Section V, the dynamic update (11) is disabled
and a fixed value of z_ — obtained from simulation — is used
in boundary conditions (8)—(10), resulting in a “feedforward”
gait. Future work will include angular momentum feedback,
and thus increase the robustness of the experimental walking.



IV. OPTIMIZED HZD GAIT DESIGN WITH
MECHANICS-BASED CONSTRAINTS

This section describes an alternative method of employing
the insights gained from the mechanics of underactuated
walking; here they are used to modify constraints in tradi-
tional optimization-based Hybrid Zero Dynamics gait design.
The aim of the this proposed approach is to use optimization
to produce hybrid-invariant, energy-efficient gaits while also
exposing the mechanical structure of the constraints.

A. Traditional Hybrid Zero Dynamics Optimization

The traditional hybrid zero dynamics optimization ap-
proach to designing walking gaits ultimately results in the
specification of outputs of the form [3]

y(®) =y(0) — y*(7(0), ) (13)
where for the model considered, yd is a set of four basis func-
tions that encode the desired behavior for the corresponding
actual quantities y°, and 7(6) is a monotonically increasing
function. Parameters a™* of the desired functions, and a fixed
point (A(a*),f(a*)) corresponding to a stable walking gait
are obtained by solving a nonlinear optimization of the form

a* = argmin J(«a) (14)
aER?a
st. A(SNZ(a)) C ( ) (15)
0 <62, (a) < (16)
Zel‘O( )
(e >V“‘°< @ ilar<o A
Cp( ) < 0. (18)

In this paper J(«) is the mechanical cost of transport listed in
[5], and C)p(«) are physical constraints, e.g. actuator limits.
See [27] for definitions of A, S, Z, §,er0, V, and K.

The constraint A(S N Z(a)) C Z(«) ensures that the
zero dynamics surface, Z(«), associated with the outputs y
in (13) is invariant through intersection with the guard S
and application of the reset map A. This hybrid invariance
constraint reduces analysis of the stability of the walking
gait to analysis of the stability of a two-dimensional hybrid
system, with coordinates (£1,&2), termed the Hybrid Zero
Dynamics. The Poincaré map for the Hybrid Zero Dynamics,
with change of coordinates (o = %fg, is given in (53) of [27]

Co [k + 1] = Gpero ()¢5 [K] = Viero (07 (@) (19)

52 «

The constraint %Vwm( ) + K(a) < 0O ensures
existence of perlodlc orbits in the HZD. The constraint
0 < §2,,,(a) < 1 implies stability of an HZD orbit, which
further implies stability of the walking gait [27], [18].

A key observation connecting Hybrid Zero Dynamics and
the mechanics of walking is that the coordinate &5 is the
angular momentum about the stance pivot, i.e. {&a = Ly
[4]. Thus, an alternative interpretation of Theorems in [11],
[27] and [18] is that the stability of a walking gait can be
established by creating a stable Poincaré map for the angu-
lar momentum. This interpretation motivates the following
reformulation of (19) and (16) using the properties of the
mechanics discussed in Section II-B.

B. Mechanics Structure of the HZD Stability Constraint

As & = L, the mechanics of walking, namely (3) and
(4), can be used to construct a Poincaré map analogous to
(19) for the angular momentum

(k)
L[k +1] = L, [k] +z, [k]Z. [k] + / gz (t)dt. (20)
0

Inverse kinematics on Z(«) can be used to further expose
the structure of (20). In particular, the angles and velocities
of the robot at impact on Z(«a) are functions of o and L,

6 (a) =0 st. [ Zy(fe)) } — [ 0 } 21
Fasp=i s | B0 ] HEE

where D; .(6) is the row of the inertia matrix corresponding
to the angular momentum of the robot about the stance pivot,

i.e. here L, = —(1/M)Dy.(0) [27]. Defining
e an [ B @) ] 0
w(e) = (07 (0) 222 (67 ))[ Ay %(a))] M

and substituting into (20) yields a form analogous to (19)
T[k]
Ly[k+1] = (1+w(a))L, K] +/O gr(t)dt. (23)

Using a change of variables (> := (L, )? presented in (45)-
(46) of [27], it can be shown that on Z(«), the integral
term in (23) is independent of L, and thus the momentum
Poincaré map is exponentially stable if

-1 <w(a) <0. (24)

This constraint will be used to replace (16) in (14).

C. Mechanics-Based Forward Walking Constraint

As the angular momentum is uncontrollable in continuous-
time, proper gait design must ensure that the post-impact L,
along the gait is sufficiently high for the robot to complete
the next step. This is reflected in the HZD constraint (17).
For an alternative to (17), we propose to enforce that the
initial z, and L, are sufficiently within the region of the
LIP phase space corresponding to forward walking, through

a(z0)ze (01 () + b(z0)d < L. (25)

where a = —,/gzp, b = sin(tan™"(,/g20)), and d > 0. This
constrains the post-impact x. and L, to lie at least a distance
d further in the interior of the upper (walking) quadrant of
the LIP phase space, and is used to replace (17) in (14).

D. Optimized Gait Design Process

The HZD optimization (14) — with (24) in place of (16)
and (25) in place of (17) — can be used to generate stable,
hybrid invariant walking gaits that also correspond to a local
maximum in energy efficiency. The process of designing a
gait through this method consists of configuring the initial
condition and the specific values of the constraints. The next
section presents experimental results from implementation of
a gait produced by this and the implicit gait design processes.



V. EXPERIMENTAL IMPLEMENTATION ON AMBER-3M

This section presents results from implementation of the
two mechanics-based gait design strategies, discussed in
Sections III and IV, that produce parameterized functions
and corresponding fixed points encoding the respective gaits;
inverse kinematics on these functions and joint-level position
control is used to experimentally realize the gaits.

A. AMBER-3M

The experiments in this research were performed on
AMBER-3M, a planar bipedal robot developed at the Geor-
gia Institute of Technology. AMBER-3M’s total mass and leg
length are 21.56kg and 0.873m, respectively, and the height
of AMBER-3M’s center of mass when standing with straight
legs is 0.896m. A key component of the mechanical design
that enabled this work is its modularity: AMBER-3M was
designed with modular segments, such as calves and thighs,
for the purpose of testing out a wide variety of behaviors. In
this study, a pair of underactuated legs — each with a rounded
bottom — are attached to the robot, resulting in a single
point of contact with the ground. This robot-ground contact
interface is necessary to achieve the underactuated angular
momentum mechanics discussed in Section II-B. The robot
is connected to the world through a 3.35m radius circular
boom which eliminates motion in the lateral direction.

The control structure of AMBER-3M is implemented
on two levels, high and low level control. The high level
controller is dominated by a onboard cRIO from National
Instrument, running LabVIEW2015 with control frequency
200Hz. At this level, the actual measured joint positions
and velocities are used to calculate desired positions and
velocities via inverse kinematics on the functions produced
by the gait design methods; these desired positions are then
converted into desired torques via PD control, see [17] for
more details. On the low level, ELMO motion controllers
collect encoder data and perform current/torque control.

B. Implicit MBC Gait Design

The first experimental gait was designed via the method
described in Section III, which generates a gait by simulating
the closed-loop hybrid walking model under the action of
the mechanics-based controller. The following describes the
specific choice of MBC parameters and the rationale behind
each choice: =z} = —0.12m provides a relatively “conserva-
tive” stride length, L; = 0.6 provides a conservative forward
walking speed for the choice of z}, 2'** = 0.08m results
in large foot clearance, zp = 0.87m results in a ‘“high”
nominal center of mass height and reduces knee flexion and
0, = 0.03m results in lower joint velocities than other values
of 9, for a fixed choice of the previous parameters.

C. Optimized Gait Design

The second experimental gait was designed via the method
described in Section IV. For this work, we employed a
collocation based optimization algorithm, based on [12],
to solve the nonlinear programming problem (14) with the
mechanics-based HZD stability constraint (24) and forward

Fig. 3. Snapshots from experimental implementation of the two gait design
methods on AMBER-3M. (Top) An Implicit Mechanics-Based gait produced
by the methods described in Section III. (Bottom) An optimized gait with
mechanics-based constraints produced by the method in Section IV.
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Fig. 4. Experimental results from implementation of the gait design
strategies. (Left Column) Implicit MBC gait experiments. (Right Column)
Optimized gait experiments. (Top row) Experimental and simulated phase
portraits. (Middle row) Experimental torques for selected steps. (Bottom
row) Mechanical cost of transport over several steps in each experiment.

walking constraint (25). In particular, due to the complex
nonlinearity of the robot dynamics and constraints, we em-
ployed a pseudospectral method [8] to boost the efficiency
and robustness of optimization process. Additional boosts
in efficiency are gained by pre-computing the analytical
Jacobian of each constraint with the use of defect variables.
The resulting nonlinear program is solved after 84 iterations
and 0.54 seconds with a constraint violation 6e~!! via
IPOPT [1] using the linear solver ma57.



D. Experiment Method and Results

Results from experiments with the implicit MBC gait
are shown in the left column of Fig 4 and similarly, the
optimized gait experiment results are shown in the right
column of Fig 4. Note that the observed joint velocities in
experiments, shown in the phase portraits in the top row, are
much higher than the velocities in the simulated gaits. The
leading hypothesis for this discrepancy is that the slope of
the lab floor varies around the circular walking path, and
as both gaits are designed for flat ground, the robot tends
to gain and lose speed on different parts of the track. Joint
torques from selected steps in experiment are shown in the
middle row of Fig. 4 and the mechanical cost of transport is
shown in the bottom row; this is calculated via

I ,
veor, = i [ S @0 o

where d; and T; are the distance traveled and duration of the
it" step. Snapshots from the experiments are shown in Fig.
3, and a movie of the experiments is available online [2].

The two methods produced noticeably different walking
behaviors: the implicit MBC gait exhibits less torso move-
ment, but larger knee flexion and higher swing foot height
than the optimized gait. These discrepancies are expected as
the nonlinear program used to obtain the optimized gait is
largely a “black box”. Locally optimal solutions of this non-
linear program often correspond to gaits with non-intuitive
characteristics. The intent of this paper is to demonstrate that
both methods are capable of producing gaits which can be
successfully implemented experimentally, as shown in these
initial results. An extensive study comparing the merits of
the two methods is an objective of future work.

VI. CONCLUSION AND FUTURE WORK

This paper presents the first experimental realization of
gaits designed using the mechanics-based principles pro-
posed in [20]. While the robot successfully completed several
laps around the lab with the two gaits considered, the
experimental implementation can be improved in a number
of ways. One goal of future work is to improve estimation
of the angular momentum about the stance pivot so that
the full mechanics-based controller with angular momentum
feedback can be employed on the hardware. Another action
item is to improve the efficiency of the implementation and
attempt to reach specific cost of transport numbers closer
to those reported in other underactuated walking implemen-
tations, such as [5]. The ultimate goal is to use lessons
learned from planar experiments to guide the mechanics-
based design of 3D humanoid gaits.
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